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Fig. 3 Effect of inserting intermediate ply on Brazier! moment

(A11 - D3,)"? of a GFRP tube.

angles £6. (Fig. 3), between the middle and outer layers. These
layers were introduced into Eq. (5), giving

Ay Dy = [(Qut)m + (Qut)o + (Qnt)c]

X [(QnDy + (02D + (02Dl

as an expression for the Brazier'! moment. Once again, the ef-
fect of varying ply angles and intermediate layer thickness (for a
fixed overall shell thickness) can be found using the Tsai-Pagano’
relationships. The effect on Brazier' moment of varying ¢, and
+60¢ is plotted in Fig. 3 using the optimum GFRP layup [90,
0-deg]; and #,,/t,, of 0.6. As is apparent, the introduction of an-
other, nonorthogonal, layer always reduces the Brazier' moment,
suggesting that the optimal configuration consists solely of three
layers.

Conclusions

The optimum configuration for a tube under bending is in-
dependent of Poisson’s ratio and largely invariant with E;; and
E,, for common highly directional composite materials. The op-
timal ply configuration for typical composite tubes is found to be
90-0-90 deg, with 62% 0-deg plies. Such a configuration increases
the maximum bending moment in GFRP tubes by 42% compared
to a quasi-isotropic configuration.
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Thermal Postbuckling of Uniform
Columns: A Simple Intuitive Method

G. Venkateswara Rao* and K. Kanaka Raju’
Vikram Sarabhai Space Center, Trivandrum 695 022, India

Nomenclature
A = area of cross section of the beam
a = central lateral deflection of the column
E = Young’s modulus
1 = area moment of inertia
L = length of the beam
P, = thermal load
r = radius of gyration
T = temperature
U = strainenergy as given by Eq. (1)
u = axial displacement
w = work done by the thermal load as given by Eq. (2)
w = lateral displacement
X = axial coordinate
o = coefficient of thermal expansion
Bi, B. = coefficients in Eqs. (3) and (4)
&, = axial strain including nonlinear terms
AL = linear thermal criticalload, (@T L*/r?),
Axy = thermal post buckling load, (a7 L?/r?)x
Aa = axial tension parameter as given by Eq. (5)
/N = curvature

Introduction

HE truss- or frame-type structure is widely used in rocket and

space structures,forexample, interstages,solarsails, etc. These
structures are exposed to thermal loading because of aerodynamic
or solar heating. Structural elements such as uniform columns are
the basic components of these structures, and the prediction of their
postbuckling behavior is an important design input. Furthermore,
their postbuckling strength can be effectively used in achieving an
optimum (minimum mass) design of these structural elements.

Postbuckling behavior of columns subjected to mechanical loads
was discussed by Dym! and Thompson and Hunt® using a differ-
ential equation approach. Although this approach gives exact so-
lutions for some simple structural configurations, it is not easy to
obtain solutions when complex geometries, loads, and boundary
conditions are involved. As such, one has to resort to numerical
methods to obtain solutions for such structural configurations. A
numerical method, such as the versatile finite element method, and
a continuum method, such as the Rayleigh-Ritz method, were used
toinvestigatethe thermal postbucklingbehaviorof uniform columns
with immovable ends by Rao and Raju.® However, these methods
are relatively tedious. Even though the finite element formulation is
highly versatile, one has to idealize the column with a large number
of elements, and the solution involves a large number of iterations,
to achieve a desired degree of accuracy in evaluating Ang.

In the present Note, a simple, intuitive method is proposed to
predictthe thermal postbuckling behavior of uniform columns with
differentboundary conditions,after briefly describingthe Rayleigh—
Ritz formulation.
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Table1 Values of Ay and v of columns with different boundary conditions

AL 14
Boundary Present Finite element Rayleigh-Ritz Present Finite element Rayleigh-Ritz
conditions study method® method® study method® method®
Pinned—pinned n? 9.8699 2 0.25 0.25 0.25
Clamped—clamped 4n? 39.4985 —_— 0.0625 0.0624 —_—
Pinned—clamped 20.3474 20.2322 e 0.1504 0.1480 e
aSee Ref. 3.

Rayleigh-Ritz Method

In the Rayleigh-Ritz method, the total potential energy (U — W)
is minimized with respect to the undetermined coefficients of the
assumed admissible functions. U is the strain energy given by

EA (" EI [*
U=— | ()dr+— [ () dx ey
2 0 2 0

and W is the work done by the thermal load P,(= Ea T A) givenby

P, L/ dw :
W= — | dx (2)
2 Jo dx
For the case of a simply supported column with immovable ends,

the admissible functionsfor the lateral displacementw and the axial
displacement u that satisfy the geometric boundary conditions are

w = By sin(rx/L) 3)
u = B,sin(Qrx/L) )

Minimizing the total potential energy with respect to undeter-
mined coefficients 8, and j,, we get a system of nonlinearalgebraic
equations that can be solved for Ay /A, . The main difficulty of this
method is arriving at a suitable admissible function for u for the
boundary conditions other than the simply supported case.

Present Intuitive Method

The present intuitive method is developed based on the physics
of the problem. If the column with immovable ends undergoes large
lateral deformations, the axial tension parameter Ay, (= T,L*/EI,
where T, is the axial tension developed in the column) is given by*

o = L L dw de )
T )2 0 dx

If the column is subjected to a uniform temperaturerise 7' from
the stress free condition, an axial compressive force is developed
in the column. This compressive force reaches a critical value, the
linear critical thermal load A;, when it balances the linear elastic
forces. However, in the postbuckling range, the compressive force
developed also has to balance the axial tension developed due to
large deformationsin addition to the linear elastic forces. Thus, the
thermal postbuckling load Axy can be thought of as

AN = AL+ An ©)

or
Anc/AL =14+ An/AL 7
Equation (7) gives the value of Ay /A, for a specified value of a/r.

Results and Discussion

When the intuitive method described in the preceding section is
used, the postbucklingbehaviorof uniformcolumns with three types
of boundary conditions are computed in terms of Ay /A . Figure 1
shows a uniform column with immovable ends, that is, u =0 at the
ends, with a part of the deformed shape at the central region. The
deformed shape at the ends is not shown because it varies with the
boundary conditions at the ends.

UNDEFORMED CONFIGURATION
/ (AXIAL TENSION =0)

L
x_ /
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Fig.1 Uniform column with immovable ends in axial direction.

Pinned-Pinned Column
An exact displacement distribution taken from Timoshenko and
Gere’ for this boundary condition is

w =asin(zrx/L) )
A =12 9)
Then Ar, obtained from Eq. (5) is
hy = [4) (@’ [r%) (10)
From Eq. (7),

ANL/AL = 140.25(a®/r%) (11

Clamped-Clamped Column
The exact admissible function for this case is’

w = (a/2)[1 — cos2mx/L)] (12)

Ay =4’ (13)
Again for the assumed displacementgiven by Eq. (12), from Eq. (5)
A = (02 /) (@ [r?) (14)

and, hence, from Eq. (7)

AnL/Ar = 14 0.0625(a>/r?) (15)

Pinned-Clamped Column

For this boundary condition, an exact admissible displacement
distributionis not readily available, and a two term admissible func-
tion is derived by the authors as

w=a;(§/2-38/2+&) tay(§ —28° +&) (16)
where
£=x/L (17)

which satisfies all four of the boundary conditions of the clamped—
pinned column. When the Rayleigh-Ritz method is used, as de-
scribed in the preceding section and without considering the axial
energy terms in U, the critical load parameter .. and the corre-
sponding axial tension parameter are obtained as

AL = 20.3474 (18)

A, = 3.06135 (19)
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The eigenvector [al a2]”, where []7 denotes transpose, is cal-
culated using the eigenvalue A, such that the central displacement
is unity.

Note here that no assumption need be made on the axial displace-
ment u because this is not required for the present intuitive method.
From Eq. (7), we obtain

AnL/Ar = 1+ 0.1504(a2/r?) (20)

In all of the cases, An. /AL, in general, can be represented for the
three boundary conditions considered by

Anc/AL =1+ }/(“2/"2) 2n

Values of y obtained from the present simple intuitive method are
tabulated along with those obtained from the finite element method
and the Rayleigh-Ritz method (see Ref. 3) in Table 1 and can be
seento bein excellentagreement with those given by Rao and Raju.?

Conclusions
A simple, intuitive method is proposed to predict the thermal
postbuckling behavior of uniform columns, with immovable ends.
This method is applied to obtain the thermal postbuckling load of
columns with differentboundary conditions. The presentresults are

inexcellentagreementwith those availablein the literature, showing
the efficacy of the proposed method.

Note that the accuracy of the proposed method depends on the
accuracy of the assumed function for the lateral displacement just
like the Rayleigh-Ritz method. The proposed method gives an exact
solutionif the assumed function for the lateral displacmentis exact;
otherwise, the method gives an approximate solution. This aspect
canbe clearly seen from the numericalresults presentedin this Note.
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